Abstract. This paper mathematically treats the following economic problem: A company wants to expand its capacity in investments that are irreversible. The problem is to find the best investment strategy taking the fluctuating market into account. We give some implicit conditions for a solution in the case where the market process is n-dimensional and an explicit solution in the one dimensional case.
Introduction
This paper focuses on the problem of investing in an uncertain market, when the investments are considered to be irreversible. This means that once an investment has been made and the market later drops to a less favorable state, we cannot undo the investment. The risk of overinvesting means that we should wait longer to invest, than if the investments were totally or partially reversible (see [1] ). On the other hand we do not want to wait too long and miss out on any profits due to our lack of capacity. The problem then is to find a proper investment strategy taking the fluctuating marked into account. Numerous examples of irreversible The author greatly acknowledges the funding from the Norwegian Research Council.
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We assume that our investments have two effects on our economy. The first is that the income will increase. In general the income will depend on the current state of the market and the current investment level, which will be denoted by θ and k , respectively. This is reasonable since a favourable market could for instance mean greater sales of a product. On the other hand a high capacity could result in higher maintenance costs. The income function will be denoted by
where E denotes the set of all possible states of the market process. The other effect of an investment is obviously that it costs money. We will assume that an investment has different costs depending on what our capacity is and naturally also depending on how much we want to increase our capacity. However in general we could also have that the price of an investment is dependent on the market situation. For example a good market could call for a greater demand in production machinery, thus raising the price of such equipment. The function Γ (θ, k ) will be such t hat an increase in capacity from k to q, when the market is at the state θ, will cost
In addition we have a discount factor λ built into the model. This factor is assumed to be strictly positive. We also assume the discount factor to be constant.
Another assumption is that the market process is not affected by the investments made. This is a valid assumption if we are considered to be small investors in a large market.
The market process will be denoted by Θ t . It takes values in the set E ⊆ R n . We will show that the solution to the irreversible investment problem is to find a forbidden region F ⊆ E × [0, ∞), such that the optimal control is a vertical reflection off this set. This means that it is optimal to invest whenever the pair (θ, k ) is in F and also to increase our capacity k such that (θ, k ) no longer is in F .
This situation can be seen in Fig. 1 , where we consider a one dimensional market process. Suppose we are in the state A. Here the market is in a relatively good state, but our production capacity is low. We see that the point A is in the forbidden region and therefore we should invest. We also see that we should immediately increase our capacity k until we hit the boundary of the forbidden region (point C ). Suppose we start outside the forbidden region, for example at the point B , where the market is less profitable and the capacity is high. Then we should not invest immediately, but wait until the market changes into a more favourable state. More precisely, we should wait until the pair (Θ t , k ) reaches D before we start investing again, and then we should invest just enough to keep us out of the forbidden region.
